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Abstract: The transport of fission gases in UO2 based nuclear fuels has a significant effect on

the fuel performance. They can induce swelling of the fuel by the nucleation of gas bubbles within

the fuel, and increase the mechanical interaction between the UO2 pellet and the cladding; also

these bubbles can escape through the grain boundaries and contribute to the gaseous atmosphere

in the fuel pin. We propose a model for the redistribution of xenon in the presence of different

sinks, including nucleation and growth of gas bubbles. The finite element method has been

implemented for the numerical solution of the model.
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1. Introduction

1.1. Background

During the fission process several new elements are produced, among these

krypton and xenon have the particularity that their natural state is gas and they

are virtually insoluble in the host matrix, and as a result there is a driving force

for segregation of gas atoms to extended defects such as grain boundaries or

dislocations.

The evolution of the fission gases in nuclear fuels is directly related to the

performance of the fuel. During its migration, xenon atoms cluster by random

encounter creating gas bubbles in the fuel. Bubbles also decrease the thermal

conductivity of the fuel, limiting the operation temperature and the degree of

burn up.

If the bubbles remain inside the fuel, they will induce swelling, increasing

the mechanical interaction of the pellet with the clad. Grain boundaries represent
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an escape path for fission gases that have reached them by atomic diffusion within

the grains, if the gases are released into the plenum, they contribute to the gaseous

atmosphere in the fuel pin, it contributes to shrinkage of the fuel element by

pressurizing the solid and encouraging collapse of internal porosity and it increases

the pressure on the cladding, which could lead to failure.

Investigating this kind of process experimentally is difficult since the

incorporation of the atoms requires the use of complex and expensive techniques

such as ion implantation [1]. The first studies of fission gases in nuclear fuels dates

from the 1950’s. At that time the release of fission gas in UO2 was treated by rate

theory models and did not explicitly consider the effect of the microstructure,

models were simpler since reactors did not achieve a high degree of burn up and

temperatures were too low to produce some of the complex phenomena that occur

in modern reactors [2].

1.2. Introduction

The goal of this work is to solve and validate a thermodynamic and kinetic

model that describes the xenon redistribution in a UO2 based nuclear fuels. The

model specifically incorporates the Xe bulk diffusion, the Xe interaction with grain

boundary sinks, the nucleation and mobility of gas bubbles and the interaction

with uranium vacancies.

We have implemented the different parts of this model in steps. The first

part was to model the redistribution of Xe in the presence of different grain

boundaries, in the second stage we added the nucleation of bubbles using a phase

field model, and the final part of the project, was to derive and implement the

ternary Xe-Va-U model, in order to account for the voids and their interaction

with fission gases.

The differential equations encompassing the Xe redistribution in UO2 were

solved using the finite element method (FEM) for given microstructures. This is

currently achieved using the Freefem++ software [3], which is a solver developed

at the Universite Pierre et Marie Curie in Paris. We use Freefem++ to explore and

validate the model, in the current implementation we solve the problem in a single

processor, the parallel version of the software is still under development. This

limits the size of the simulations that we can perform, specifically the length scale

of the microstructure, due to restrictions on computational time. The intention is

to port the present model to a robust parallel platform in order to perform more

realistic microstructure simulations.

1.3. Relevance of the study

Although the usage of nuclear power is politically controversial due to the

radioactive waste disposal and the risk of accidents, it is considered as a green

energy because of its low carbon dioxide generation, and it represents an important

source of energy. More efficient, cheaper, more secure, and the generation of less

waste are desired characteristics for a nuclear reactor; through modeling and
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simulation it would be possible to analyze the complex processes that occur and

lead to a better design.

Understanding the impact of noble gas fission products on the performance

of UO2 based nuclear fuels, in particular the effect on the thermal conductivity,

could lead to a higher degree of burn up of the fuel and therefore improvement

in efficiency and less waste. Fission gases are also related to the safety of the

operation, since its release from the fuel contributes to pressurizing the fuel pin,

and thus increasing the probability of a clad breach.

Much of the previous works done on the diffusion of fission gas in UO2 fuel

has been devoted to the trapping and migration mechanisms at the atomic scale.

Results have shown that it occurs through a vacancy assisted mechanism [4, 5].

In the present work we are treating this problem using continuum models at the

meso-scale, the simulations are performed in multigrain structures in the micron

size range.

For developing an accurate model of the redistribution of fission gases,

thermodynamic and kinetic data are required. To obtain this information from

experiments is a difficult task. Much of the available data from nuclear experi-

ments does not characterize the underlying processes carefully, but rather studied

the materials response in an engineering context. The thermodynamic and kinetic

parameter values that we have used are taken from atomistic calculations that

are exact measurements of the physical process under study. Nerikar et al used

atomistic simulations based on empirical potentials to determine the segregation

thermodynamics of Xe to different type of boundaries in UO2 [6].

Uranium dioxide is a black, radioactive crystalline powder used in nuclear

fuel rods. Its usage as a nuclear fuel dates from 1955 when it was selected to serve

as a fuel for the Shippingport pressurized water reactor. Oxide fuels have showed

satisfactory dimensional stability, radiation stability and chemical compatibility

with the cladding metals, and a high melting point, its drawback is its low

thermal conductivity. Uranium dioxide possesses the fluorite crystalline structure

as showed in Figure 1. During its migration, xenon occupies vacant uranium sites

(green spheres in the figure).

2. The model

Xe created by fission events will migrate towards boundaries and disloca-

tions since they present a lower energy position. As was mentioned before, the

mechanism for the Xe mobility is via vacancies, either by single uranium vacancies

or by clusters of uranium and oxygen vacancies. Although this mechanism is pre-

ferred over the interstitial migration, since xenon atoms are larger than uranium

atoms, it can occupy interstitial positions due to irradiation damage and travel

through the microstructure for a finite amount of time.

For the present work we have used the thermodynamic and kinetic mod-

els for the diffusion of xenon in a UO2 microstructures developed by Anders-

son et al. [7]
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Figure 1. Fluorite crystalline structure of UO2

2.1. Simplifying assumptions

The evolution of fission gases is a complex process, we must only account for

the most significant phenomena in order to be able to solve the equations within

reasonable time. Therefore some simplifying assumptions are required, though

even with these included the relevant materials processes must be captured.

The model does not explicitly treat any of the oxygen atoms. This is because

the dynamics on the oxygen sublattice are orders of magnitude faster than on the

uranium sublattice. This implies that quasi-equilibrium conditions are assumed

for the oxygen sublattice, with instantaneous redistribution of oxygen atoms in

response to the uranium sublattice dynamics. The difference in response time

is because the barrier for oxygen migration, either by vacancy or interstitial

mechanisms is approximately 0.5 [8] and 1.0 eV [8, 9] and for the uranium vacancy

motion the corresponding barrier ranges from 2.4 to 3.8 eV at typical reactor

temperatures [10].

The second assumption is to ignore the formation of uranium vacancies

due to irradiation damage and their interaction with Xe. This restriction is only

valid for steps 1 and 2 of this work. We have introduced this effect in part 3. The

impact of uranium vacancies on Xe diffusion is, however, accurately accounted

for via the activation energies and, specifically, the uranium vacancy formation

energy contributing to this term.

Fission gases include xenon and krypton, but we have only considered xenon

in the model since it constitutes the largest part of the fission gases, but the present

formulation could easily be adapted to simulate other fission products.

We are presently not considering the diffusion of Xe via an interstitial

mechanism, which are possible due to irradiation damage. This mechanism should

be studied in more detail, since it could provide contributions to transport,

especially for low temperatures.
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2.2. Model derivation

In this section we will present the equations used in the model, first we will

express the free energy functional for Xe in UO2 and then obtain the transport

equations for each phase of the project. The transport equations have the form of

diffusion equations following Fick’s law of diffusion.

2.2.1. Thermodynamic and kinetic model for Xe in UO2 with sinks without

bubbles

The expression for the free energy for Xe in the bulk and at different sinks

is:

Gm= yXe
◦GXe+yU

◦GU+yVa
◦GVa+RT (yXe ln(yXe)+yU ln(yU)+yVa ln(yVa))

+Eexcess+
∑

i

2yXe (Ci−gi(yXe))
∑

i

fij(rij)
(1)

In the equation yXe is the mole fraction of xenon in the uranium sublattice.

The first four terms correspond for the bulk solution, the fifth term (Eexcess)

would capture any energy from the interaction between species, and the last term

incorporates the effect of the sinks. The i index covers different types of sinks and

the j index covers all sinks of a specific type i. Ci measures the dilute limit sink

strength, gi its concentration dependence and fij its spatial interaction range.

The functional forms of gi and fij were derived from atomistic simulations of the

Xe segregation thermodynamics, and have the form:

gi(yXe)=mi ln

(

100yXe+exp

(

−
bi
mi

))

+bi (2)

fij(rij)=
1

1+exp(r2ij/k
2
i )
−1 (3)

Figure 2 shows the dilute limit Xe segregation profile for three different

grain boundaries in UO2, as obtained from molecular statics using pair potentials

in [11] and used for numerical experiments in [6]. This are the Σ5 tilt, Σ5 twist,

and an amorphous boundaries. In Figure 3 we can observe an example of the

shape of such boundaries, the upper figure is the tilt boundary and the bottom

one the twist type. Figure 2 also includes the corresponding fij(r) functional

fits.

Figure 2. The normalized segregation energy for Xe in the dilute limit as function of the

distance from three different grain boundaries (amorphous/high angle, Σ5 twist and Σ5 tilt);

the data points in blue refer to atomistic calculations and the data points in red to the

corresponding fij(r) fits
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Figure 3. Examples of the tilt (upper) and twist (lower) boundaries

Figure 4 shows the concentration dependence of the segregation energy

derived from cumulative site filling of the available U positions. This implies that

among all the available grain boundary positions we first fill the one corresponding

to lowest energy and then the second lowest energy, etc. The individual data points

were calculated using molecular statics and pair potentials [11]. Boundaries have

maximum amount of xenon they can accumulate, this term has to be included to

prevent them from becoming infinite sinks.

Figure 4. The concentration dependence of the Xe segregation energy for three different

grain boundaries (amorphous/high angle, Σ5 tilt and Σ5 twist); the blue data points refer

to atomistic calculations and the red data points to the corresponding gi(yXe) fits

The values for mi, bi, and ki parameters are determined from atomistic

calculations [11] and they are tabulated in Table 1.

How fast Xe will travel in the lattice is given by the diffusion coefficient.

Since it moves by a vacancy mechanism, the relevant quantity is the mobility

multiplied by the vacancy concentration:

MXeVayVa=
D0
kBT
exp

(

−∆Q

kBT

)

(4)
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Table 1. The parameters describing transport and segregation of Xe in UO2

GB type ki (nm) Ci (eV) mi bi ∆Q (eV) D0 (nm
2/s)

Σ5 tilt 1.225 4.09 0.700 0.900 3.9 5 ·1013

Σ5 twist 0.922 0.97 0.171 0.315 3.9 5 ·1013

amorphous 0.469 6.42 0.900 2.562 3.9 5 ·1013

Σ5 tilt: no

electrostatics

0.387 3.99 0.700 0.900 3.9 5 ·1013

Σ5 tilt: ura-

nium vacancy

0.387 2.86 0.700 0.900 3.9 5 ·1013

yVa is the vacancy concentration, T is the temperature, kB the Boltzmann

constant and ∆Q is the bulk activation energy.

For some of the simulations we have considered constant diffusivity through-

out the material, but we also have studied some cases when it is a function of the

microstructure. Atoms will move faster when they are closer to a grain boundary,

to achieve this we have implemented:

∆Q=∆Q0−
∑

i

∑

j

qifij(rij) (5)

Here qi is a scaling factor that measures the efficiency of various sinks. This

quantity could be replaced by data from atomistic simulations.

2.2.2. Transport equations

The Xe transport equations were derived by considering the Xe-Va com-

position gradient ∇(yXe−yVa), which is the driving force for diffusion combined

with the effective Xe mobilities factored by the vacancy and Xe concentrations

according to reaction rate theory. The chemical potential gradient can be derived

from the free energy and the resulting transport equation is:

1

Vm

∂yXe
∂t
=∇·

(

D0
Vm
exp

(

−
∆Q

kBT

)

∇yXe

)

+∇·





1

kBT

D0
Vm
yXeexp

(

−
∆Q

kBT

)

∇





∑

i

2
(

Ci−gi(yXe)
)

∑

j

fij(rij)

+
∑

i

2yXe

(

∂gi(yXe)

∂yXe

)

∑

i

fij(rij)

))

+η(t)

(6)

The last term η(t) was added to mimic fission events, such as the incorpo-

ration of more xenon into the microstructure, according to models used earlier

by Millet et al. [12] and Hu et al. [13]. This is equivalent to a Cahn-Hilliard for-

malism, with the Onsager principle we are trying to make the gradient go to zero

while the Cahn-Hillard formulation minimizes the free energy functional [14]

2.2.3. Xe redistribution and bubble evolution using a phase field

In order to have a more realistic simulation we have introduced the

nucleation and growth of gas bubbles. This is achieved using a phase field model,
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the continuous variable φ determines the state of Xe, φ=1 will describe bulk UO2
and φ=0 describes Xe bubbles.

Now, the expression for the free energy functional has the form:

f0(yXe,Tφ)= p(φ)f
UO2(yXe,T )+(1−p(φ))f

GAS(yXe,T )+wg(φ)

+E



(1−p(φ))
∑

i

∑

j

fij(rij)





(7)

In this case we have added the energy from the gaseous state, and the terms

arising from the phase field model. In the expression fUO2(yXe,T ) is equal to Gm
in our original model and fGAS(yXe,T ) is given by:

fGAS=B(y0Xe−yXe)
2
−C+z(yXe,T ) (8)

B and C are constants to be determined. z(yXe,T ) captures more complicated

properties of the gas phase as function of temperature, this term has been put

to zero in our present simulations. p(φ) is an smooth function, that equals 1 for

φ=1, and 0 for φ=0, and has local extrema at φ=1 and φ=0:

p(φ)=φ3(6φ2−15φ+10) (9)

And g(φ) is the double well potential, with minima at 0 and 1, and w is the

depth of the wells, it could be a constant or depend linearly on the molar fraction:

g(φ)=φ2(1−φ)2 (10)

The last term of the f0(yXe,T,φ) expression was introduced to capture the

interaction between Xe bubbles and sinks. The interaction mechanism is assumed

to be similar to the interaction potential experienced by single Xe atoms but

scaled according to the constant E that account for the grain boundary energy.

To calculate the E constant we use the fact that:

E

∫

fij(rij)dr=E
GB (11)

Where EGB is the grain boundary energy, its values are given in the

Table 2 [15].

Table 2. Grain boundary energy

Boundary EGB, grain boundary

type energy (eV/nm2)

Σ3 tilt 6.50

Σ5 twist 7.30

Σ5 tilt 9.86

asymmetric 11.61
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Table 3. Value of E for different boundary types

Boundary type E (eV/nm)

Σ3 tilt 4.94

Σ5 twist 7.39

Σ5 tilt 23.77

asymmetric 23.09

Solving for E:

E=
EGB

∫

(

1
1+exp(−r2

ij
/k2
ij
)
−1
)

dr
(12)

We have solved numerically the integral for the different boundary types

using the Scilab software; the results are summarized in the Table 3.

The evolution of the non conserved variables (gas bubbles) is governed by

the Allen-Cahn equations [16]:

∂φ

∂t
=−L

[

∂f0
∂φ
−κ∇2φ

]

+ξ(t) (13)

where

∂f0
∂φ
=−
∂p(φ)

∂φ
fGAS+

∂p(φ)

∂φ
fUO2+w

∂g(φ)

∂φ
−E
∂p(φ)

∂φ

∑

i

∑

j

fij(rij) (14)

ξ(t) is a random source term, which induces nucleation of new Xe gas bubbles.

The L parameter describes the mobility of the Xe bubble/UO2 interface, which

would be given a high value since the growth process is governed by Xe transport

rather than by the interface mobility.

The evolution for the concentration of Xe now takes the form:

1

Vm

∂yXe
∂t
=∇·MXeVayXeyVa∇

[

∂f0

∂yXe
−ǫ∇2yXe

]

+η(t) (15)

The interface energies ε and κ are assumed to be constants to be deter-

mined.

The η(t) term acts as a source and mimics the fission process (see above).
∂fUO2

∂yXe
has already been calculated. The MXeyVa parameter was also specified for

the Xe-sink segregation model:

∂fGAS

∂yXe
=−2B(y0Xe−yXe)+

∂z

∂yXe
(16)

2.2.4. Thermodynamic and kinetic model for Xe-U-Va

Finally we derive the ternary Xe-U-Va model, with this we include the

interaction of voids with fission gases, in addition to the gas redistribution and

bubble formation processes. For this model we need to know both the Xe and

U mobilities, MXeVa and MUVa. Since we explicitly account for the local vacancy
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concentration, yVa, in the ternary model we seek the migration barrier rather than

the total activation energy:

MXeVa=
D0
kBT
exp

(

−∆HXeVa
kBT

)

(17)

MUVa=
D0
kBT
exp

(

−∆HUVa
kBT

)

(18)

To represent the interaction between Xe and U vacancies we need to

explicitly introduce an interaction term in the free energy expression:

Gm= yXe
◦GXe+yU

◦GU+yVa
◦GVa+RT

(

yXe ln(yXe)+yUln(yU)+yVa ln(yVa)
)

+LXeVayVayXe+LVaVayVayVa+
∑

i

2yXe
(

Ci−gi(yXe)
)

∑

j

fij(rij)

+
∑

i

2yVa
(

CVai −g
Va
i (yVa)

)

∑

j

fVaij (rij)

(19)

Here yXe+yU+yVa=1 will be used to express yVa as the dependent variable.

The LXeVa and LVaVa parameters can be obtained from density functional

theory calculations, LXeVa = −1.43eV/atom and LVaVa = −0.55eV/atom for

stoichimetric UO2. Estimates of
◦GXe,

◦GU and
◦GVa can be derived from DFT.

For stoichiometric UO2
◦GXe = 4.40eV/atom,

oGU = 0eV/atom and
◦GVa =

2.16eV/atom according to DFT. The barriers HXeVa and HUVa were calculated

to be 3.24 eV and 3.77 eV.

The phase field model the free energy functional is given by:

f0(yXe,yU,T,φ)= p(φ)f
UO2(yU,yXe,T )+

(

1−p(φ)
)

fGAS(yU,yXe,T )+wg(φ)

+E

(

(

1−p(φ)
)

∑

i

∑

j

fij(rij)

)

(20)

Here fUO2(yU,yXe,T ) is equal to Gm in our original model. f
GAS = (yXe,yU,T )

is given by the xenon equation of state:

fGAS(yXe,yU,T )=
yXeRTVm(UO2)

Vm(UO2)−yXeB
−yXeRT ln

(

Vm(UO2)−yXeB

V 0m(UO2)−yXeB

)

+Dy2U+z(yXe,T )

(21)

With B=8.5 ·10−29 Å/atom, Vm=4.1 ·10
−29 Å/atom, and V 0m=4.12 ·10

−26 Å/a-

tom. D is a constant to be determined. z(yXe,T ) captures more complicated

properties of the gas phase as function of temperature and again is set to zero.

Functions p(φ) and g(φ), have the same shape as in the phase field

formulation of the previous model.
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The evolution for the phase field variable is:

∂φ

∂t
=−L

[

∂f0
∂φ
−κ∇2φ

]

+ξ(t) (22)

∂f0
∂φ
=−
∂p(φ)

∂φ
fGAS+

∂p(φ)

∂φ
fUO2+w

∂g(φ)

∂φ
−E
∂p(φ)

∂φ

∑

i

∑

j

fij(rij) (23)

Again ξ(t) is a random source term, which induces nucleation of new Xe gas

bubbles/voids. The L parameter describes the mobility of the Xe bubble/UO2
interface. The factor w and the interface energies εXe, εU and κ are assumed to

be constants to be determined. The values used in the simulation are given in

Table 4.

The evolution for the concentration variables is given by:

1

Vm

∂yXe
∂t
=∇·

(

MXeVayVayXe
Vm

∇

[(

∂f0
∂yXe

)

Va

]

−εXe∇
2yXe

)

+η(t) (24)

1

Vm

∂yU
∂t
=∇·

(

MUVayVayU
Vm

∇

[(

∂f0
∂yU

)

Va

]

−εU∇
2yU

)

−η(t) (25)

The η(t) term acts as a source and mimics the fission process.
(

∂fUO2

∂yXe

)

Va
and

(

∂fUO2

∂yU

)

Va
are given by the corresponding partial differentiation of Gm.

2.2.5. Constants

In the model there are constant that may be calculated with atomistic

calculations. In the Table 4 are listed the values we adopted for them in the

calculations.

Table 4. Used values for the simulation constants

L (–) 0.01

w (eV) 0.2

κ (eV) 1

εXe (–) 1 ·10
−6

εU (–) 1 ·10−6

3. Numerical implementation

3.1. Microstructure

For this study we have created a domain, which tries to incorporate the

characteristics of real UO2 microstructures. Figure 5 shows a microstructure from

experimental SEM EBSD measurements of the grain distribution, the microstruc-

ture in Figure 6, used in most of our simulations, is the geometrical approximation.

We have tried to capture the most prominent features such as the angles in the

triple junctions [13].
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168 L.A.C. Trujillo

Figure 5. UO2 microstructure taken from experimental SEM EBSD measurements

of the grain distribution [6]

Figure 6. Domain adapted from Figure 2 to be used in the simulations

3.2. Finite element meshes

In this study we use the finite element method (FEM) to solve the partial

differential equations of the model. The first step is to partition the geometry

of the domain into small units known as mesh elements. The required mesh

needs to be fine close to the grain boundaries to resolve the fast changing sink

characteristics in this region. The mesh resolution is given by the field function

fij(rij).

The intention is to port this model to a parallel solver in order to be able

to simulate microstructures of a realistic domain size. Most of these frameworks

use the Exodus II format for the mesh input. Therefore the initial approach

was to generate the meshes using the CUBIT software [17], developed by the

Sandia National Laboratory. This software provides many options for the type

of mesh; in two dimensions it allows quads and triangles. It also provides a wide

set of tools for refining the mesh. The application of these tools is exemplified in
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Figure 5, which illustrates cubit meshes generated for two specific microstructures.

The main drawback of Cubit is its current inability to perform automatic mesh

refinement based on a field function (this is planned for a future version). This

implies that any new geometry must be meshed “by hand” and this approach

would not be efficient for microstructures containing a large number of grains, and

the resolution achieved of the mesh would not be as exact as using an automatic

refinement.

Figure 7. Triangular (left) and quad (right) mesh generated with Cubit

Freefem is able to perform the mesh refinement via a field function. It

has the disadvantage that creating a geometric domain is not intuitive and

straightforward as the CUBIT case, and to create a continuous conforming mesh

is a complex process, therefore is better to import a preexisting mesh and use

the refinement with a function tool to obtain the desired mesh resolution. This

cannot be done with CUBIT since they do not share a common file format, for

the initial meshes we use Gmsh [18]. Gmsh is a free meshing utility, that provides

easy geometric tools and meshing options. Also it has the flexibility of accepting

a wide variety of input files and also it can export to different formats.

Figure 8. Freefem refinement using an initial Gmsh mesh; the initial mesh is defined to be

conforming with the grain boundary microstructure
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It has to be noted that since we would like to use parallel solvers that require

the Exodus II mesh format, there is a method to import the refined meshes in

Freefem. The output mesh from Freefem must be modified to eliminate the third

coordinate, usually using an awk script and then it must be imported to Gmsh

in order to create a *.unv file for CUBIT and finally export it using the exodus

format. The required nodesets and sidesets must be created in CUBIT.

Figure 9. Flowchart to export a Freefem mesh to an Exodus II format

3.3. Solver implementation

To implement the finite element method with the Freefem code we must

transform the equations to their variational formulation. The first step is trivial

(move the right hand side of the equation to the left hand side) and the second

step involves multiplying by a test function (v), integrating the residual over the

entire domain (Ω) and reducing the PDE order by integration by parts.

Xe redistribution with sinks:
∫

Ω

1

Vm

∂yXe
∂t
v+

∫

Ω

D0
Vm
exp

(

−
∆Q

kBT

)

∇yXe∇v

+

∫

Ω

1

kBT

D0
Vm
exp

(

−
∆Q

kBT

)

∇

(

∑

i

(2Ci−gi(yXe))
∑

j

fij(rij)

+
∑

i

2yXe

(

−
∂gi(yXe)

∂yXe

)

∑

j

fij(rij)

)

∇v−

∫

Ω

η(t)v=0

(26)
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Xe redistribution with sinks and nucleation of bubbles:
∫

Ω

D0
kBT
exp

(

−
∆Q

kBT

)

y∇

[

∂f0
∂yXe

−ε∇2yXe

]

∇v=0 (27)

the phase field equation is:

∫

Ω

∂φ

∂t
v+L

∫

Ω

∂p(φ)

∂φ





[

−B(y0Xe−yXe)+c
]

+Gm−E
∑

i

∑

j

fij(rij)



v

+L

∫

Ω

w
∂g(φ)

∂φ
v+L

∫

Ω

κ∇φ∇v−

∫

Ω

ξ(t)v=0

(28)

Ternary model for Xe redistribution with sinks an bubbles:
∫

Ω

∂yXe
∂t
v+

∫

Ω

MXeVa(yXe−y
2
Xe−yXeyU)∇

[

∂f0
∂yXe

−ε∇2yXe

]

Va

∇v=0 (29)

∫

Ω

∂yU
∂t
v+

∫

Ω

MUVa(yU−y
2
U−yXeyU)∇

[

∂f0
∂yU
−ε∇2yU

]

Va

∇v=0 (30)

phase field equation for the ternary model:
∫

Ω

∂φ

∂t
v+L

∫

Ω

∂p(φ)

∂φ

[

−
yXekBTVm
Vm−yXeB

+yXekBT ln

(

Vm−yXeB

V 0m−yXeB

)

−Dy2U−z(yXe,T )+G
Xe-U-Va
m −E

∑

i

∑

j

fij(rij)

]

v

+L

∫

Ω

w
∂g(φ)

∂φ
v+L

∫

Ω

κ∇φ∇v−

∫

Ω

ξ(t)v=0

(31)

For our simulations we employ no flux boundary conditions, we have used

this fact to put the boundary integrals equal to zero. Time integration is performed

using implicit Euler backward time integration. Since Freefem can only handle

linear terms for the variables that are being solved for, the equations were

linearized by substituting higher order yXe terms with an auxiliary variable y
iter
Xe .

and we iteratively solve for yXe and set y
iter
Xe = yXe at the end of each iteration. We

use piecewise P2 continuous finite elements and Freefem uses the UMFPACK [19]

solver.

It is important to note that in our equations we have a second order gradient

in the terms −ε∇2yXe and −ε∇
2yU. Freefem does not allow an explicit way of

solving this part, therefore we have introduced a varible change w=∇2yXe and

solved it with a system of equations.

3.4. Field function value calculation

Before solving the equations we need to calculate the field function in the

domain
∑

j

fij(rij) term for each sink type. This is achieved by calculating rij for
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all sinks of type j and evaluating fij and the corresponding summation on the

finite element mesh. Note that for grain boundaries rij is defined as the orthogonal

projection to the line segment that represents the grain boundary. The projection

is only included in the summation if it is within the spatial bounds of the line

segment that represent the grain boundary.

Figure 10. B1 is a grain boundary represented by a line segment, the end-points correspond

to the location of triple junctions; the first lattice point (X) is included in the fij summation

and rij (red line) is defined accordingly; the second lattice point (x) is not included in the fij
summation since it is outside the spatial bounds of the boundary

The regions where the sink types overlap require special attention. We have

used three different approaches to deal with this issue. The first approach was to

add all the contributions from the boundaries. This case leads to discontinuities

in the field function since a point near the triple junction will have a value 2 times

higher, which creates numerical issues and the assumption is physically question-

able. The second approach was to take the strongest boundary contribution. This

leads to a smoother field function, but it is not accurate to ignore the effect of

the remaining boundaries, especially when we do not have the same kind of grain

boundary. The third one is to take the geometrically weighted average; with this

approach we obtain a smooth field function and take into account the effect of

having different type of grain boundaries. This last approach is used in all the

simulations of this work.

Figure 11. Overlapping region for the field function, the point shown in the figure feels

the contribution of two grain boundaries
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Figure 12. The figure on the right is the field function over a domain; the figure on the left

is the profile of the field function near a grain boundary

3.5. Numerical issues

A numerical effect in simulations is overshooting; this is when the value of

a variable slightly goes beyond its boundary values. In our case our concentration

variables for xenon, uranium and vacancies have a physical range of [0 : 1].

In the equations for the model we encounter several logarithms and hence

we need to modify the range to avoid undefined numbers, to (0 : 1]. Besides this

consideration, we have to be careful with negative numbers for the following

expression:

log(1−yXe−yU) (32)

It can be seen from Figure 13 the points in the domain where the value

of the vacancy concentration achieves a negative value. We observe that these

points correspond to the boundary sites, this is expected since the boundary

neighborhood is the most active part of the domain.

Figure 14 shows the plot of the Xe concentration in the domain, this is for

the time step when the simulation crashed, we observe a large amount of xenon

in the region where we have the out of bound points. It can be concluded that

these effect is the cause of the instability that leads to the abnormal behavior and

failure of the simulation.

Figure 13. Location in the domain where the vacancy concentration takes a negative value
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Figure 14. Abnormal concentration behavior in high activity zones

The model equations will re-equilibrate the values of the variables, to avoid

the software to crash every time it evaluates the logarithm of a negative number,

the solution is to expand the logarithms in a Taylor series:

ln(1+x)=

∞
∑

n=1

(−1)n+1

n
xn=x−

x2

2
+
x3

3
− . .. (33)

4. Results

4.1. Simulations of Xe redistribution in UO2 without bubbles

In this section we present simulations of Xe redistribution in UO2 obtained

by solving the equations outlined in the previous chapter for different initial

conditions, microstructures and assumptions regarding release mechanisms.

We first addressed the effect of having different boundaries in a multi-grain

microstructure (Figure 15). In each of the simulations all the grain boundaries

are of the same type, amorphous, Σ5 tilt or Σ5 twist. The size of the simulation

domain is 100nm, this is small in comparison with real grains, but the purpose

of these simulations is to explore and prove the physical behavior of the model.

The grain boundary physics will not be much affected by the grain size, but other

mechanisms like the release rate are related to this matter. The temperature is

set to 1000K and the starting Xe concentration is an homogeneous distribution

of 0.1.

For the amorphous case the total simulated time is 11h, for the Σ5 tilt and

Σ5 twist it is 13.5h. For all cases Xe moves towards the grain boundaries acting

as sinks. The highest concentration is achieved for Σ5 tilt, followed by amorphous

and Σ5 twist.

The different grain boundaries show a difference in the width of the

boundaries, measured by the region of increased xenon concentration. We also
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Mesh Amorphous

Σ5 tilt Σ5 twist

Figure 15. (upper left) Mesh used for the simulations; (upper right) Xe distribution

for microstructure composed of amorphous grain boundaries; the domain size is 100nm;

(lower left) Xe distribution for a microstructure composed of Σ5 tilt grain boundaries;

(lower right) Xe distribution for a microstructure composed of Σ5 twist grain boundaries;

for all cases the initial state was homogeneous distribution of Xe at a concentration of 0.1

identify a minimum in-between the boundary and the bulk part of the grain,

which act like a denuded zone. This feature may not yet have reached complete

steady-state in our simulations. The concentration evolution for a triple junction

for the different type of grain boundaries is shown in Figure 16, the difference in

concentration can be clearly observed.

We have performed a simulation with a domain of 1000nm to have more

realistic domain size. It is an all Σ5 twist boundaries domain. The simulation time

is shorter due to the size. Results are shown in Figure 17.

Figure 18 shows the change in Xe concentration as a function of the position

across three different grain boundary types. The distinction between different

boundaries is clearly visible.

Figures 19 show the Xe distribution for a system with a mixed distribution

of grain boundaries after achieving close to steady state for the peak Xe con-
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Figure 16. Time evolution of the Xe concentration in a triple junction for twist,

tilt and amorphous boundaries

Figure 17. (left) Xe distribution for a microstructure containing Σ5 twist boundaries and

having a domain size of 1000nm; due to the larger grain size compared to Figure 12

the concentration in the boundary region cannot be distinguished;

(right) Zoom of a triple junction in the left hand figure; note that the adapted mesh clearly

resolves the grain boundary characteristics also for the 1000nm domain size; the total

simulated time is 6.7h; the initial state was homogeneous distribution of Xe

at a concentration of 0.1

centration at grain boundaries. The simulated time for this system was 10.2h.

The domain size is 100nm. The unique properties of different boundaries clearly

emerge and the difference in concentration at the various boundaries would likely

influence the rate of gas bubble nucleation and growth, consequently impacting

gas release.

We have also studied the effect of having different initial conditions. Besides

the homogeneous distribution used in the previous simulations, we initialize

the model with a random distribution and with a linear dependence on the x
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Figure 18. Xe concentration across amorphous, Σ5 tilt and Σ5 twist boundaries

after reaching close to steady state

Figure 19. (left) Close to steady-state Xe concentration for a sample with a distribution

of different grain boundaries after 10.2h starting from a homogeneous initial Xe concentration

of 0.1. The domain size is 100nm; (right) Zoom of a triple junction in the left hand figure

coordinate. All of these simulations are done with the amorphous boundary type

applying Xe concentration of 0.02, 0.02 ·rand(0,1) and (0.05−0.01) ·kx, where k

is constant determined by the size of the simulation domain. The total simulated

time for each of these runs are 1.1h and the domain size is 100nm.

In Figure 22 we can see that this is not enough time to reach the equilibrium

state that would correspond to constant concentration throughout the grain

interiors. Figure 22 also illustrates that the random initial distribution has, to

a large extent, been evened out. The fact that the latter case is closer to its
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t=0 t=0.27h

t=1.37h t=2.7h

t=5.5h t=9.62h

Figure 20. Time evolution of the Xe distribution for the same microstructure as in Figure 15

equilibrium state than the gradient case follows from the much shorter diffusion

distances required for the random sample compared to the gradient case.

Figure 23 shows simulations where additional Xe is introduced in each

time step throughout the sample according to a homogeneous rate of 0.002. The

simulations were performed for amorphous boundaries.
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t=0 t=0.27h

t=1.37h t=2.7h

t=5.5h t=9.62h

Figure 21. Zoom of a triple junction in Figure 20

In order to simulate gas release from triple junctions we remove a certain

fraction of the gas around the triple junction in each time step. Clearly this is

a simplistic model, but it allows us to investigate if the grain boundary character

influences the release of gas via networks of grain boundary triple junction lines.

Xe is removed at the triple points as well as inside a given radius around the triple

points according to a predefined rate. The results are shown in Figure 24 and for

this case the removal rate is defined as 0.20 times the local Xe concentration in

each time step.

Figure 25 illustrates the evolution of the concentration of Xe at the triple

point where Xe is being removed. For this removal rate, diffusion to the triple point

is faster than the removal rate via triple junction lines so that the concentration

is slowly increasing in time. Faster removal rate shows that the diffusion of Xe

to the triple junction is not fast enough to balance the removal rate. Preliminary

calculations show that the limit for when the removal rate is faster than the
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Figure 22. (upper left) Simulation with a concentration gradient (0.05−0.01) ·kx as initial

condition; the domain size is 100nm; (upper right) Simulation with a homogenous initial

concentration of 0.02; (lower middle) Simulation with a random concentration

of 0.02 ·rand(0,1) as initial condition and amorphous boundaries

Figure 23. Xe concentration as function of time for simulations where additional Xe

is introduced in each time step throughout the sample according to a homogeneous rate

of 0.002; the domain size is 100nm; (upper left) Xe concentration field after 7.7h; (upper

right) Xe concentration field after 27.7h; (lower middle) Xe concentration field after 31.6h
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Figure 24. Xe concentration for a microstructure with amorphous grain boundaries

and removal of Xe at triple points at a predefined rate; the domain size is 100nm

Figure 25. (left) Xe concentration as function of time at a triple point with Xe being

removed in each time step; the amount of removed Xe was proportional to the instantaneous

local concentration with a proportionality constant of 0.2; (right) The total Xe concentration

as function of time for samples with high angle and Σ5 twist boundaries; this simulation was

performed for a rectangular domain with Xe removed via Neumann boundary conditions

supply from the bulk depends on the grain boundary character. Also, the total

amount of removed Xe may be a function of the grain boundary type. By assuming

a constant release rate (in this case a rate was applied by specifying specific

Neumann boundary conditions) from each grain boundary type we simulated the

evolution of the total Xe concentration for a simple microstructure (rectangular

domain). Figure 25 shows our results, which demonstrate that even though the

removal rate is the same for the two boundaries the actual release rates from

the sample are different. This phenomenon originates from different segregation

energies, interaction ranges and saturation limits for the two boundaries. The high

angle boundary initially exhibits a faster release rate due its higher segregation

energy, while the Σ5 twist boundary eventually catches up primarily due to its

more extended Xe-boundary interaction ranges.

The final set of simulations apply Xe diffusivity defined according to

Equation (5) with q = 0.25, which captures increased Xe mobility along grain

boundaries. Figure 26 shows the evolution of the Xe concentration for a specific

point close to one of the grain boundaries. The Xe dynamics is significantly faster
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Figure 26. (left) Xe concentration as function of time in a point close to the grain boundary;

the red line represents microstructure dependent mobility and the green line constant

activation energy throughout the simulation domain; (right) Xe concentration as function

of time in a triple point; the red line represents microstructure dependent mobility

and the green line constant activation energy throughout the simulation domain; note the

difference in time scales between the constant diffusivity and microstructure dependant

diffusivity

Figure 27. (left) Xe concentration after 1.65h for a simulation with a linear gradient along

the x axis as the initial condition; the domain size is 100nm; the activation energy is

a function of the microstructure as specified in Eqation (5); this simulation applied q=0.25;

as expected, the grain boundaries equilibrate much faster than the bulk regions due to

the lower activation energies for the former case; (right) The initial condition for the

simulation in the left hand figure

for the simulation that applies the diffusivity dependence on the microstructure

instead of a constant value. Figure 26 also shows the corresponding results for

a triple point. This plot indicates that after sufficiently long time the concentration

will converge to similar values, though the dynamics is orders of magnitude faster.

Comparing Figure 27 (left) with for example Figure 15 (left) we identify some

differences in the Xe distribution pattern, specifically around triple junctions.

4.2. Simulation of Xe redistribution in UO2 with bubbles

With the phase field model we have been able to introduce the nucleation

of gas bubbles in the model. In order to validate it we have done some simple

simulations to observe the behavior of the bubbles. In some cases we have assigned

unrealistic scenarios in order to check behavior of the model.
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We have imposed a bubble by explicitly assigning the phase field variable

of a spherical domain in the mesh to 0, which corresponds to the gas phase. And

we consider the simplest case, a bubble in the bulk without any grain boundaries.

Figure 28 shows the imposed bubble in the domain.

Figure 28. Initial state for a gas bubble in the bulk without any boundaries

First we put the bubble in domain with a low concentration of xenon, we

should expect the bubble to disappear since the amount of xenon is not enough

to sustain the bubble. In this case we have started with an homogeneous initial

distribution of xenon in all the domain. The bubble evolution until it disappears

can be observed in Figure 29, we can appreciate in the lower left part that we

have recuperated the original state.

Figure 29. Time evolution for an imposed bubble in a domain with low concentration of Xe;

the bubble gradually disappears since there is not enough xenon to sustain it
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In the next case we have introduced the bubble with a radial distribution of

Xe inside it. In the center it has a concentration of 0.35, the rest of the domain has

been initialized with an extremely low concentration of xenon. The bubble does

not sustain significant changes since the amount of Xe coming into the bubble is

very low and the bubble does not disappear since the amount of xenon inside of it

is enough to maintain the gaseous state, Figure 30 show the bubble after a finite

amount of time.

Figure 30. Gas bubble initialized with a high concentration of xenon in a domain without

grain boundaries at the end of the simulation

In a similar fashion we have placed a bubble in a homogenous initial

distribution of xenon, but now with a high concentration. With these favorable

conditions the bubbles grows symmetrically until it occupies the whole domain.

Figure 31 shows the time evolution of a bubble until it occupies the whole domain,

Figure 31. Bubble evolution in a domain with high concentration of xenon without grain

boundaries. The bubble grows in time until it occupies the whole domain
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Figure 32. Evolution of two fission gas bubbles in a domain without grain boundaries;

under this conditions the bubbles will grow until they occupy the whole domain

in Figure 32 we have placed two bubbles in the domain, in order to check the

interaction between them and its time evolution.

4.2.1. Effect of the presence of a grain boundary in a gas bubble

We have also simulated the bubble evolution in the presence of grain

boundaries. The bubble was placed along one of the boundaries, it deforms due

to the attraction it feels from the boundary, taking an ellipsoidal shape as seen in

Figure 33.

Figure 33. Bubble deformation due to grain boundaries, placed along one grain boundary

If we place the bubble in one of the triple points, where the different grain

boundaries encounter each other, the bubble tries to follow these boundaries as

before (Figure 34).

Placing the bubble a little offset from the grain boundary, it is observed its

tendency to migrate towards the boundary (Figure 35).
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Figure 34. Bubble deformation due to grain boundaries, placed in a triple junction

Figure 35. Bubble deformation due to grain boundaries, placed offset to one grain boundary

4.3. Simulation for the model U-Xe-Va for the redistribution

of Xe in UO2 with gas bubbles

For the simulation in this part, we have used a simpler domain to explore the

model. This is because with the ternary formulation the number and complexity

of the equations has increased considerably. We are using a two grain domain with

amorphous boundary type.

In Figure 36 we have plotted the xenon concentration for the first time

step in the simulation. We can note a difference with the formulation that did

Figure 36. Concentration values for a grain boundary (right) and a gas bubble (left);

this plot is taken from the first time steps of the simulation. It can be seen, the difference

in behavior with the previous formulation
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not account for the voids, previously we had that since the beginning the highest

concentration of Xe was in the boundary, with the new model we observe that

this is not the case, the highest concentration is close to the boundary. With time

we will achieve the same expected behavior, highest concentration exactly at the

boundary. This could be explained with vacancies interaction, at early stages

there are not enough vacancies close at the boundary to allocate the incoming

xenon, this is due to the slow velocity at which the uranium moves away from the

boundary.

In Figure 37 we have plotted the Xe concentration for different times across

the grain boundary. For the first steps we have a decrease of concentration until

2.7 hours (blue stars). When it occurs a change in behavior and the concentration

starts to increase until it becomes the highest exactly at the grain boundary.

Figure 38 is an equivalent two dimensional plot of this.

Figure 37. Time evolution for the Xe concentration across an amorphous boundary;

at the beginning the maximum concentration is not at the boundary, and it decreases in time

until 2.7h (blue dots); when it has a behavior change as now the concentration is increasing,

making the maximum at the boundary

The same mechanism occurs for the Xe concentration in gas bubbles.

Figure 39 shows the time evolution of xenon in a bubble. We have imposed

a bubble in a domain without grain boundaries.

5. Conclusions and final remarks

5.1. Conclusions

A model for the xenon redistribution in polycrystalline UO2 was imple-

mented and solved in a finite element framework; simulations were performed for

various microstructures, initial conditions and with simple release mechanisms.
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Figure 38. Time evolution for Xe concentration close to a grain boundary;

(upper right) initial state, (lower right) final state;

(left site) evolution of the Xe concentration close to the boundary

Figure 39. Evolution of xenon concentration inside a gas bubble
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We have demonstrated the difference in behavior and maximum concentra-

tion achieved in the presence of different boundary types. The spatial range of

grain boundary interactions significantly influences the mount of Xe segregated

to the boundaries.

We also have incorporated more realistic scenarios with the inclusion of the

nucleation and growth of bubbles, and vacancy interactions. We have achieved an

appropriate setting for porting the model to a parallel framework and perform

simulations in the micron size range.

5.2. Future work

The next phase is to start the simulations for larger microstructures, in the

range of micron (µm) sized grains. For that instance we need to port the present

formulation to a parallel platform in order to achieve reasonable computational

times.

The next relevant mechanisms that could be implemented to improve the

accuracy of the model include presence of dislocations as sinks, the displacements

of grain boundaries due to grain growth and the transport of Xe with interstitial

mechanisms. With the current work as starting point this does not represent any

major changes and could easily be done.

We have incorporated values from atomistic simulations for some variables.

But we still have to adjust some parameters and some constants could also be

obtained with more simulations.

The gas release mechanism was briefly treated and in a simplistic way. Gas

release plays an important role in the performance of the nuclear fuel and the

pressure in the fuel pin. It is important to address this phenomenon with a more

elaborate approach.
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